
Today
1) Dominating Sets/The Propabalistic Method

6) Uplo, Bound Failure 1 : Overlapping Events

3) Uplo, Bound Failure 2 : Independent Events

4) The LL(



How toSolveYour Fave Radonizatio. Question

to show fact (*) ~
wik MVs/events?

a) show (*) true if all MVs near E

6) Concentration: each MV at E ( log0) we good probability
C) Unio,

boad : all RWs
1

↑
Alternatives

The Union Bound
Given events Ei

,
Es

...

PE , VEU ...) PE)

_
P(E , rEerEs) P(E) + P(Ez) + P(Es)

Cherroff Bound

Let Xi
,
Xe

, ... Xo be independentUs sit . X=So
Let X:= X

:,
M : = EEX) .

The

Pr(x2(1 + +)m) = exp(ury(+ r)) 8520

↑r (x [ (l-r)M) < exp(- rm(e) v jz(0 , 1)



Dominating Sets

Gives graph G = (UE)
,
S&V is a

dominating set if neV we dave fu)eS#*
↳ u vEncigibars of us

0- S
I I

o
Theorem

Every graph of Mio-degreea has a dominating set

of size -> 0 (0ti)

Probabilistic Method Approach

1) Randomly make choices -> Let 5 include each

2) Show Pr /desired outcome)O
vex, ind

, w pr I
(so desired outcome is Possible) Let Es := 32 .

Not decessibly) as effect alg, &For ve V
,

let

Evi = 1(r)15 =0

Pr(EE) o

↑

1- Pr(EsVYE) > 0

↑

Pr(EUYEr)



A General Chersoff-Unio, Bound Analysis

Let Xv := 1 [Ves]

Fix veU
,
let Yv :=E SoE.

↑ r (Er) [Pr() - [0 . 1090) = Pr(v - ( - -)E(xn)
j

Cheroff [exp(E(/0)↑ = exp) - 2()

-

=-
-

Let X:= 10 Es=

↑ r (Es) = pr(x)) = /X-X)ex

nor [CEE) [PrSEIP(Ev) [t
+ + . = o()

Y



suppose "replace" each vertex of km for some large mso
-

↳ clique o R codes

#y

⑭ - O

I I
·-
>D

G G= Gaa
- modes

Mic deg d Mis deg . 2 Red

Laim : If 6 has a dominating set of size

&, so does 6 - Let & be 6's 03

Goose a 0 VIX .
from each

Clique is 6'corresponding to

a veX , of S

Claim : G'das a dom , set of size 0(.)
↳ Directly applying Cherooff/U6 from before

a Ds of size 10 (0R· ) =W(



What West Wrong

48 Failure Case I : Gad events digly overlapping
badeve's

bad outcomes↓

&

8

&jP
Bad:

"

E
A g A B

our: =-
A 8

Best :00E

...
↓

&

CliqueCase :①----
W

. Er
W

.



Cheuristic) solution : Use no-overlapping bad erests

Coffer menos reduce # of bad events)

cliame case : Select each clique or do It
St I mode from each selected clique

Eg := Select &.

For each clique W: let

X: = ((wi)ns)
E:= X :

= 0

Chersoff
same as [r(E)=% ,

Pr(Es) -
before)

Koro
. [IEsUU.

Ei) [PrCEs) +Eyer(E)
↑ "

UB

Let not
= o(t)



suppose duplicate graph& times for some large eco

a 9 ↑ 9
⑭ - O ⑭ -0-0-0

I I I 11 Ion -> 1
o-o-o-

-
6 G

- oodes de nodes
Mis-degree d mix-degree d

Laim: If6 has a dominating set of

sized, 6' bas one of size the

↳ just duplicate the OS

Laim : G' has a dominates set of

size Olt)
↳ But direct cherooff/uB gives

O(e-e) =(l



What West Wrong ?

UB Failure Case 2 : events are (mostly) independent

Ab A 8

Best :00 = 00

↳ Whe UB is tight ,
bad events not independent

Pr(A1) < Pr(A)

isdendent
-

Ens ( I I 11 I

Loo↑ x
independe EUS

Solution : dont use a US



Lovasz Local Lemea(L(L)
-

Event A is mutuallyindependent of events

B = 381
,

Be
,

... ) Iff partitions B
,
WB =B

Pr(t) = Pr(A)1B
Give events it

,
graph 6=(t, E) is

a dependency graph if ↓ Act

A is Mutually independent from /(A)

⑨---
DS Graph Dep , Grapf

Symmetric 112 : Gives events It wr dependen grape 6,
if I P,

A Sit

1) Pr(A) &P FAet
If 06 a clique

says same thin 2)Max-deg (6) [A
as 48

lup to costacts)
-

3) 2 . P .11/ Like a Ge

ther Pr() >O
00 eac evento

neighborhood

(Alsoo poly-time aly ,
to food outcome&



Theorem

Every graph of Mio-degreea has a dominating set

of size - 0() (<0() (or d =100)

Each wes ur pr
3led

Lindependently)

For ve V
,

let

Evi = 1(r)15 =0

Ceroff [Pr(En)
Dependency graph
Let 14 (n) : = U +(v) so If (u)l -4 + d+d

LLL
En is MI from Stiver(51(u)]I

Ver(u)

·Owatdetera

what En itea

So 06 was edge &En
, En] iff veN(u)

so e. P .A = e.t : (l + d +d) &I



A Subtle Bug : didn't quarantee ISI is small

Let Eg := IsK 1981 .And
So wat to avoid EgUVE-

vy

Problem : Es not clearly MI from dy Other had every

↳ A as large as

Aspectric 21 : Give, events It wr dependen graph 6,
if I A , Na : Aet3

Pr (A)[X) FA
ther Pr()> o

Pr (Es)[expt -)
Let Xe = exp(r) and Xe=

So XEstx1) = exp(-1) .(-) expl-e)=(e)
) -expt)

And EveVXenEn(ex)- a) (t)


