
Today
- O(logi)- Distortion Probabilistic Tree Embeddings

- Tree structure (Eartal next tive?)
- Algorithm
- Analysis

Recall

sparsification Framework (to solve graph problem or 6)
9) Find simple graph It (approximately) preserving structure of problem or G-Today : PTEs,

b) SolveProbleOS to solution 0

application or dw,

A clustering of V is a partition of V into G= 54,2, ...

The diameter of C: is All= maxd(,v) and of clustering 6 is A(6)=MaxA()
4
,VEV

:

:
An embedding of Metric Space (V,

d) into Metric Space (Vid') is a function fiv-v

f has distortion & if d(uv)
-
> d'(f(u), f(r) > @ - &(n, v) VarE

= 0(log

=



Last time : every graph is a tree wet mir set cuts

This time : every graph/metric isapproximately) a tree wet distances

say metric (Vd) is a tree metric if it embeds isometrically into (V,
d+)

where dy is the shortest path distances in some edge-weighted tree T = (VE,
w)

Goal : embed an arbitrary metric into a tree metric or low distortion (61) Problems of trees

are easier)

Impossibility of Goal w/0() Distortion (Assuming + & 6)

· ↓
dg(v) = 1 and d

+
(n,v) =

but d
+

(a
,
v) =m()

(V, db) (d)

Also impossible ever if t G + See later is notes

Modified Goal : embed an arbitrary metric into a distribution over tree metrics or low distortion

pr dg(v) = 1 and dy(n21 FF

· prt· ag ~ ir and E(d+(v)] = = 1 ++r() = 0()

(V, db)
up + (generalizes to all pairs)

68

An a-distortion probabilistic tree embedding of (d) is a distribution over trees ↑

containing V S.t.
Fn

,
VEV

1) d(uv) [d+
(u,

v) VTEY is
2) Ed+ (n,v)] =. d(u,v) ↑
-Tur

f over

trees wh

Pr > 0

&
"FRT"

x
Theorem : every metric has a (poly-time sampleable) 0(10ga) - distortion tree embedding

(optimal by expanders)



Structure of TEY

WLOGd(k,v)21 FurEV and let A := e "be mir. Power of a St . duU)A Vue

↑ has

- ItlogA levels level log A

- Level ~ adiameter clustering of V O
↳ level O ~ Gariver oft
↳ level A+1 [v]

- Edge from level : to -1 das eithe level 0 0
(Each level really as LOG)

level1001-
level 1 0

%)
leves 0 0 o

Will be clear our trees have this structure so can already show lower bound

Proof of (1) for trees u above structure

Consider UVEV ; let X be max Xe & Sot.

eX+
< d(4,2) So

-*
+

2 d(u,)

level X+ 1 x +
&dy(av) Minimized if r in same cluster for e Possible level

%XUV carrot be in same cluster at level X (by diameter bound) :
⑨ &

so the lowest level at whichyr is same partitio is X + Y ~

So +(4,
ve. :e..

X + 1
=ex+

2d(u,v)
i= 1

Car also make progress towards (2) just / above structure

Claim : if ww have least common accestor (e(a) at level X in theo d
+
(v) < e

***

·=
%

·
U

Now need to talk aboutdow to generate each tree



Sis

-VPer -9 -9 -9
↓ -- 6

- +
6

Partition (S,t, r) I

↑ - ·=
0 :

I

·' S
O

For each new is order of I E
S

&

Let Bu := SMB(u, +)

SESIBu
Return &Bu: nev
·

-
' · &

PTE(S, i, to
,
i)

Let r := " : to

GE Partition (S,,
+:)

Create rode as root

Add legth : edge from S to root of PE),0: -1) UCE

i* ↑NXX
PTE(4: -1) PECit) PTE((si -1)

PTE(V)

Let roU[t
, 1)

Let it be a uniformly random permutation of

Return PTE(V, I, To
, log 1)

Note : satisfies structure by construction



Fix u
,
vEV

sayw settles E, v3 or level : if it is the first vertex of It

w/ (8(w, +) guvilE0 -> Let Son be event

say w cuts Ev Or level : if 10(w1 Emv3) = 1 + let Con be event

w

w W o

E. g.
o

u

·

v
u

·

v

no
"v

Settles. and cuts
Settles,

doesnt cut Cuts
,

doesn't settle

Observe: eCa at level : iff i is max : Sit . Just . (inSin

Order vertices by d(w, Em,3) := Mis (d(w, u)
, d(w,v) and let Xo be position of win order

Claim 1 : Pr(sivkin)[ Vi
,

w
U8

·Vo

Claims:·Pr(Cin) O(d(u,v) wev

Proof of (2)" using claims

The Ia of UV is at level : Iff i is the Max : Sot.

In Sot. Cir1 Sir (by construction)

Ica at level : -> d
+ (U,
v)1 (by Claim) Max andW ...)...

Thus
, duv = max eitwicus)

nin)

Taking E, Esaan](1)=() ·Pls

↳ (w) (Clare

[O(d(nv))[ (claim)

= O(logi) · d(u,v) ( = 0(101)



Proof ofClaimI

Consider w ordered by d(W,
Eu,v3)

%.....
· ~
~
Must precede

w only settles Guvb if it precedes all w's.t
. My .

< Xw

Since it is a uniformly random permutation, this happens ofprT
Proof of Claime

WLOG suppose d(n, w) <d (v, w)
w cats su ,

Us at level : Only if UEB(W)
, VEB(WT)

i ⑧

w

↑

Thisdappers Only if d (u,
w)[ r [d(Vw)

But (eit , e
: ) so Pr(cu) tool if Coe) e(d(w) ,du]

i
2x+ 1 & exgxvegX=

This is only true if :or e [d(u) , d(w,v)]
I

i -1 or i f [logd(w,u)
, logd(w,v)]

inequalityTins #Pr(n) =0. =O(d(r)-du)
= O(d(n,v) +d(w) - d(w,u)



Embedding a Cycle into a Tree Requires &(0) Distortion

Claim: If G= (VE) is an edge-weighted cycle they embedding (V, do) into (V, dp) for R=(V. E, w) a path

Let StEV de an arbitrary par st . dy (St)=
·-0·

S ·Color the vertices tedges is 6 between Sit redgree by path

%
= 0

=0 - 0---
Let X be the red vertex set . do(X, S) =do(x,+)

Notice dy (x, 3)= V green y so by non-contractionless of embedding

every vertex within of X is P is red

t

ge
But theo I a grees edge 5963 as above ->> distortion(d)

Fact [fupta) : if (V,d) is a tree metric
,

thee Fuer (n,d) embeds into a tree metric

Wi distortion 8

Claim: If G= (VE) is an edge-weighted cycle they embedding (V, do) into a

tree metric (Vd+) requires distortion(d)

Afsos I embedding of (Vido) into (vid+) for a treeo/ distortio old

By fact, I embedding of (V, do) into (V , d+) ur distortio 8. 0(1) = old

Let t be tree w Mis edge weight I achieving this distortion

I must be a path
j

AFSO) J v Sot . deg+
(v) 3 van

color vertices of 6 redtgrees as
-

-
ama

-

WLOG V has ze red neighbors is wi closer to v is G

Modify T as

V

·- leassortestpattaso a fate

But the (Vida) was embedded of distortion(d) into (Vdp) for =T a path, Claim


