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- Global Min Cut

- Sparsification Framework

- Gomory - Hu Trees
- key cut Lemma
- GHT Alg . + Analysis

Recall

Gives G=(V,
E

, w) and Stev , do set cut is Ser SetSEStESw(d(s)) :=
S is a min cut if w(o(s) is minimum among all set cuts

·



Given graph 6= (V,
E

,
w) the global Min-cut is the non-empty SCU Minimizing w(o(s)

Naive algorithm : return S S. t w(o(s)) =
eio M(st(6)
Stev

Takes 0(0) calls to Set MC

Correct 6/2 eventually guess &
sparsification Framework (to solve graph problem or 6)

9) Find simple grape It (approximately) preserving structure of problem or G- Today: Gomory-Hu trees

b) SolveProbleOS to solution 0

for global Mir-cut

Min-St Cuts On Trees

For tree T
,

let +(st) be the unique (simple) set path in +Se)

and letThes be cut sit. Stel= des (will we correctsideObserve : if T = (VEWt) is a tree they ESTEV
,

SEV is

an set MC iff S =The3 for some eEE Sot, w(e) = Mirw(e)
GET(s,t)

Gomory-Hu Trees

Given 6= (VE
, w), a Gomory-Hu tree is a tree ↑ = (V,

E
+,Wi) Sot VSctEV

if War is an set MC in+ the

1) W is an S-tMC inG

2) w(b(s)) = w(c+(S)

n⑳
Theorem : every edge-weighted graph has a GH-tree computable wo() calls to

Corollary : Car solve global min-cut / O(r) calls to Set MC S-t MC

Compute a GH tree += (v, Er, wi) ()

Let et:= argain Wf(e) and return The
CEEy (B) (r)

correct 6/C -St if est = arg(e) tede is a st MC

Runtime : O(d Calls for GHT



key Cut Lemma : Suppose War is a new MC for uvEU and SteWar

Then - an set MC Wst Sot . WarWst or WarWs =

·
t Vot

Vo

⑧.
Intuition : Let Wit be do arbitrary st Mc

-Ve ot ot

,wiw wit

Wst := War UWist Wit := WilWav

Smit
Given a finite Set V

,
F : &VeR is submodular if A

,
BCE

f(Aub) + f(A18)( f(t)+ f(b)

Given a finite Set V ,
F : eV-R is Posimodular if A

,
BCE

f(A(b) + f(0(A)] f(t)+ f(b)

Lemma: Given graph G= (VE,W)
, f(V) : =w((V) is submodular and posimodular

Partition G(V) as/ letter corresponds to

w of outgorg edges

Have f(A) ++(b) =(a + c +e + f)+ (6 + c + d +f)= a+ 6 + ec + d + e +e

=f(Aub) +F(Amb) = (a+ c + 6) + (c+ d +e) = a+ b +x+ d + e[

f(A(d)+ f(b(A) = (a +d+ f) +(b+ e + f) = a+ b + e +e-

Claim : If atb=ctd and acc
,

bid thee azc ,
bed for absdet 6) accorded -> attac+d



Proof of key cut hemma

Let Wit be an arbitrary set MC

WLOG suppose SeWst
,

neWar and WitWarFO but WurWat

Suppose UE Wst

Ve ot

ws wit

Theo WardWst is a new cut and WarVWst is as set cut

So f(Wur1Wst) < f(War) and f(Warrwst) = f(Wit)

f(wur) + f(wit) - + (wavewst) + +(wuVws)] f(Wur) + =(wit)
↑

submodularity Wur WstMCs

so f(wavews) + F(WWws) = f(Wur) + F(Wst) so f(wit)= f(wsiUWar) by claim

so Wst= WurUWit is as set MC Sot . War[Wst

Suppose UEWst
v
- t

wr Wit

The WarlWist is a new cut and Witthar is an set cut

so f(Wur(Wst) < f(War) and f(Wit(War)[f(Wit)

f(wur) + f(wst) - + (Wav(wst) + +(wi)War) - f(Wur) + =(wit)
↑ ↑

Posimodularity Wur WstMCs

so f(WavIws) + f(Wsilwar) = f(Wur) + F(Wst) so f(wit)= f(wsi\War) by claim

so Wst:= WilWar is as set MC Sot, WurMWst =



Algorithm Intuition : repeatedly split up vertices by Set MCs

Wjf

⑳ ...

w(r(wif)

- My terminology
Given G = (VE

, w) a Partial Gomory - Hu tree consists of a partition 6 of V a

tree T = (6 , Er, wi) where e =(4) -Et "corresponds to
"

some St4
,
+e)

and ift correspond to efEt the if Wat= V C
CETGe3

1) Wst is an set MC in 6

2) w(b(wit)) = w
=

(e)

E
.g. ga

⑯ Se
↳

Claim : If T= (6, Ef, Wi) is a partial GHT of EVE, W) W/ d = Sivers

thee T is a GHT of G

Fix StEV ; Suffices to Show Yet(t)
,
w(e= Mct(6) and jettist) Sot. w(e) = Mcc+(6)

(by observation)

w(e) = Mc+ (6) Feet(it)6/c The3 is as set cut Yeet(st) and w(e) =w((ige3)
Jee+(st) Sot · w(e) = M (s+(6)

Label vertices of Tst) as Vo =SVV Wst

Consider some S-tM) Wst

I : st. Viewst but Viewi Let e = Ev ,V andWit
Wst is a v-Vit cut and Thes is an set cut

↓

so M(vir (G) [w(d(Ws+)) =M(+ (6) [M(vv(6)
so w(e) =Mr

..
(6)= MCs+ (6) as required



S

Want all of previous MCs or One side of new MC

Cut lemma helps we this but need trick to force algorithm to do this

Givea 6 = (VE, w)
,

graph 6 = (ViEjw) is the result of contracting US

if v =VIUth
EEO(U) + GM :EXE()

,XEU,
wEx) =Exe

U
o

+6'

Observe: if Stell thee contracting U car only increase the S-tMC weight

Let ou be 6 w/ U contracted

If Wit is an set Ms 10 Go theo (after rocontraction us B
it is also as S-tMC in 6 of equal weight

Notation Abuse : Up :=u
Breakup (T, C)

6 -Tree Alg . -
Let stE) be distinct but arbitrary jGE Ev Let U

,
W

g, ...
be connected components of

T

- C

While IJEG Sit. 1/22 Let G
,

be 6 w/ each u
, u

, ... contracted

Let W be an set MC in G
↑ ↳ Breakup(T, C)

ReplaceCE6 with WAC and CW

Return
Add edge GW1C, ClW3 of weight w(r(w)

w corresponding vertices Sit

W

↑ -

⑨ go
,

T 6> Breakup (T,
C)



Proof of Theorem

Runtime

& one once T has a codes ; each breakup adds I code to using 1 Set McCall

↳ Note: Can also efficiently Martain all G
,

so really gives an efficient algorithm
Correctness

Since aly , terminates
,

by claim suffices to show

if t is a partial GH tree thee so is breakup(T, C)

suffices to show MCst(6) = M(s+
(6)

MCs+ (6) [M(st(6) by Observation

M(st(b))[M(s+ (6)

Let 6
: be the result of contracting U

.,
Ye
, ...,

U:

By induction
,

suffices to show M(st(6 :) [M(st (6-1) Vi

Up is a n-V Mc in 6 not containing Sit for some now

So by key cut Lemma ,
I as set MC Wit in G

-
Sat . U:Wst or UWst=

Wst is also an set cut in Gi
,

Showing MCst(6:) [MCst (6:-)

Be6.

Gi
-1


