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2) Fue / Gaussians



(Discrete) Probability Review

A discrete probability Space consists of

(constable)

1) A set of "outcomes"a called the sample space
1

6) A probability function P : 2
-> [0,

4

An event E is a subset of e ·
E

The probability of E is PE):=P ↑
Est

46

↑ (0)= 1/6 Voted

Il 11

EvEe E
,

or Es
EiREe # "E

,
and Ee

11

The probability of El conditioned . Eis PE ,
/Ee):

E)

P(Ez)
En

+
E

.g. P(ErslEeve) = - and P(EsilEere) = i

Evests E,
God En are redependentIf PERE) = PE) · P(E)
R ↑

* P(EilEd) - ↑ (E) = P(Ei) · P(Ed

I
P(E, lE) = P(Ei)

Est
,

Eere independent



The Unio Bound

"bad" R

Thm : Give events El
,
Es
...,Em P(E , VEru..ven) P(E :)

I

1 i = 1

⑳W&
P(E , rEerEs) P(E) + P(Ez) + P(Es)

Proof : Let := /Ei : Eno+3)
-

The. PLEVEer ...) = [, P(0)
0 fE, VEer... VER

& [p(0) - 10
of E,UEer ...rEr

=I

=(o) (witc order of sumatica

= PE:)
i = 1



Random Variables

A discrete &V is a faction X: 2+> R

"X = a" is event Goed : x(0)=a 3

Maddon variables X
,
Y are independent if Pr(x = a My=b)= Pr(x =a) . Pr(=b) VabeR

X:= dice #

11
335s V := #I (dice is ond)

- -I ↑ I

↑ 14616 2 : = X + 10(1 -y)
- 0 18

Expectatio of MV X is E[XS : = Pr(x) -> E. g, E = E
%

Conditional Expectation of RV X conditioned or V=Y is

EX11=3) : = [i · Pr(x = :(4= 3)

varice of MV X is Var(X)i= #[XX-E*( (oX =Fallmenial
Covariance of &Vs X,

Y is Cov(X,y) := E((X - E(x))(y- EST)]



Common Identifies (simple calculations)

#(ax+ 6) = aE(x] + JEX)

var(X) = EEXY - (E(x))
·

Var (x+ y)= Var(X)+ var(y) +=(ov(X, y)

var((X) = c . var(X)

If X
,

Y independent

E(X) = E(X] .EC

Cov(X ,y) = 0

var(X + y)= Var(X) + var(x)



Discrete RV Continuous RV

S & ⑳

- -- ↓ !E 3es of OM
RS

2 R

Pr(X=a) Pdf &(a)

Ex = Pr(x= :) EEX) := Si . q(i) di
↑

Pr(X(a)=[, Pr(x= i) CofG(a) := S9(i) di
i a

[pr(x = :)= 1 19(i)di = 1

Events = 2-e =-algebra
-h

Probability Measure
Function



Gaussians

9(x) = te
-X/ F

-XX

8

2 ~N(0, 1) -> "Standard Gaussia.

"

-
E(X) = 0 by symmetry around y-axis

Amazing Fact 1 : 909(X) = 1 (0 noti-deriv . wr ele . Es .)
-

-+
erf(x)= Se
car derive var(X) = 1 from this (rese "No, 1)")

Amazing Fact 2 : Rotational Symmetry

Suppose wast Griformly radom direction is R w independent coordinates

ywV[- 1
, 16

3 N/0 ,!·
·usso z (0

- 090,
760]
X-N(0, 1)

Uniform-bad Gaussian = good

Fix (a,6) we legt with

Pr(v = (a,b))=
The same probabilityfU = (x,y) Sit .

Mi
all equally

E likely
Fir

Generalizes to Re for Je



Of
. N(M ,

5% = M+ 52 where INN(0,1) is a "non-standard Gaussia
1

If XN(m ,% the EEXs
= M and var(x) = to -> Prove

Amazing Fact 3 : Sun of Gaussians is a Gaussian

If XuN(0 , 1) ,
YwN(0 , 1) ,

X
,

Y independent ,
a,6+R

theo ax+y -N(0 ,
a+6)

(6 ,a) =(L · cos(d) , L · Si (a)
LetL= · IConsider random vector v

sixd=
Cost = t

1) Ve(X, y) where X
,
Y No,

2) VIEV rotated a degrees

V das same distributo as V /by rot . synm.)

VI das coordinates (v ,
XiSin +cosa) (bytria)

~ (0 , 1)
-> q-X + z - y ~N(, 1)
-> aX + 6) -L -N(b) = N(0, a

% + 6
%)

Amazing Fact Y : Central LimitTheorem

suppose Xi
,
Xe

....
Xe are ii.d. ~/ EEX : 1 = M

,
va(Xi)=-

Let So = Xi (50 EESoS = Mir and var(s)= + . =)

Let 5 =

6 - noM (so EE5) = 0 and var(5.) = 1)
+

M

Ther S -> X Where NN(0)
&

↑

↑ r (5) (a) = ((((a) = (1) VaeR


