
Today

1) Metrics

2) Low diameter decompositions (L00s)

3) The Multicut Problem (Solved using (1) +(0)

Recall

t



Metrics

A Mathematical formalism of "distance"
A metric space consists of a set of "Points" and function F : UXV - Bo satisfying

1) + (x,X) = 0 XxV

2) f (X,y) = f (y,x) vx
,yeU (symmetric)

3) f(x,y)[f(x,2) + f(z, y) EXEV (triangle inequality)

Examples
Y - ↑

(R, d) where d(x, 3) : = 11x-y11=-y.) X,(a(x,y)
- ↑

↳ (1),
(2) trivial

, (3) from inequalities lecture & ↑

(V, do) where 6= (VE ,
w) for WEE R is an edge-weighted graph

and dy (w,v) gives the shortest univ path length

↳> (D
,

(e) trival
,
for (3) let Pxy

,
&x2

,
Pey be respective shortest paths

Then &xz0Pzy is an Xasy path and since Pxy is shortest X-]y Path day

dj(X, 3) = w((xy) = w(pxz) +w(z) = dy(X,z) +da(z,3)
"distances"
shouldn'tX be negative

X

Claim: If (V, f) is a metric space ther f(x, Y) 20 ExYE

Have 0 = f(x, x) = f(x, y) + f(y , x) = f(x, y) + f(x, y) = 2 . f(x, y)
↑

So 0[f(X1 Y) toil symetry

The Metric Framework

: Find a metric in your problem

ii) Find Structure in your metric

↑ ii) Use metric structure to solve problem



Low Diameter Decompositions ->(ii) today

A random clustering of metric points so nearby points probably in same cluster

A clustering of V is a partition of Visto C = Ev3 :

The diameter of Clustering Cis A(l)= Max maxdya

:
Say u

, VEV separated by C if UEV: and veV
,

for it's

A low diameter decomposition (LOO) w diameter A and separation probability

is a distribution 6 over A-diameter Clustering Sit.

Pr (a,v separated by C) [P Furer
CrE

Small A large A

largeP small P

⑧ 000①
A tradeoff between P and A

Example : Suppose 6 a bath or all length I edges ; consider (V, do) ; given 120

i -Shift A length intervals randomly

Let relat V = Ele...
+ 3 and V= [-)Atr

,(i)A++)1 for iz

[V.). has diameter 1 by construction

Consider X
, YeV / XEy - There are by-x =do(X,3) values of 5 Sit . Xy separated 61

%% . 1

So FA ,
I 100 for path wi pe



Theorem: Given anypost Metric Space (V,d)
,
A20 I a (poly-time computable) (00 S

.
t.

Separation -PYln . d(u,
v) Vuev

Probability

Proof of Theorem

A/4i
&

Let~U[/) -
Y

Alg ,
to
Let :[-V be a Uniformly random Permutation or V

↓ %

·

Compute
⑳ ·I -

↳20 For i = 19 , ...,

Let V:: = B((, = ) ),UV T : 0 .

Poly-time trivial
triangle irequally

↓

EV]
:

das diameter IA 61c x, y -V
.
+ d(x> y) [d(X,(i)+ d (iT()

, 4)

[+ (x,ye B(π(i),)
Fix Pair t = Ear3 for uver

Let d(u, t) : = Mir (d(m, x)
,
d(u,y) and let U, 4, ...

be V ordered by dist)

say n. cuts - iff ItRB(,r)1=

-U: only cuts t if +e [d(uit)
,

d(ut) + &(x, y)] 1111118111"

-> So Pr(U: cutst) > &. s docet
cut

Say U.
settles t iff : is the Most. teBM)

0-> U
: only settles t if U. precedes U

,
Mie, ...,

U
,

in It

-> So P(U: settlest)1 +

-> Also Pr (U: settles t) = Pr (U: Settles +lu: cutst)- Since cutting ody about +

t is separated by Ev:3 :
iff I : Sit . U . settlestcuts +

so Pr(t separated) = [Pr(U: settles + cuts +)

= Pr(u : cuts +) · Pr (u: Settles + /u: cuts +)

M Eit
"

= 4 . /n + .

d(x, 4) (2 + =2 .(0)A



Multicut Problem

Given G= (VE) and Vertex pairs (it)
:,

find Minimum size FGE Sit

Si not corrected to to is (VElF) V :

! x
S

↓
Generalizes S-t Miscut

X
↑

- to
& X

&

Fact: Multicut is NP-Gard
(v) IE

Theorem: = Polyte - time Olloge) - approximation for Multicut

LP Relaxation

variable Xe YeeE so XERT

Min Exe Sot.

Exe : set pats o

Alg . X ? 0

can solve ↑ in Polyca) time va ellipsoid + separation Oracle (see dw
.)

Let X be an optical LP solution

Let do be distances in G using P . le . V as edge lengths
( (ii)

Let C6 be a flor diameter 280 W/ D2 - (by Previous 100 theotem)

Meture F:= GetE : e separated by (3 (iii)

⑳10-Runtime trivial

F is feasible ;

Consider a (Sisti
Have de (sist)Planiceforcesevenlox to

-

①
But Chas diameter 8.60 so Si

,
t i never in same cluster of (

So Si
,
ti not corrected after deleting F

ENIFO(loga) . Optor

Elf= Pre separated by

= Xe must
24 OPT

= O(logu) ·Opti<O(log) - OPT


