
TodayMetric embeddings

4) Random Projections

3) Johnson-Linderstrauss Lemma

4) Applications of (3) bability
Recall

The Metric Framework The concentration Framework

: Find a metric in your problem a) show (*) true if all MVs near E
ii) Find Structure in your metric

6) Concentration: each RV at E (= 1000) wap
ii) Use metric structure to solve problem

C) Unio,
boad : all RVs

1

Fact: var(X) = EEXY - (E(x))
·

GaussiansRV

9(x)= e

-X/
F

-XX

2 N(0) -> "Standard Gaussia.

"

8

·
E var

Amazing Fact 1 : S4(X) = 1 + More generally,=x

Amazing Fact 2 : Rotational Symmetry : (N(O,1, NCOD, ... ) in a

Uniformly random direction

Of
. N(M ,

5% = M+ 52 where INN(0,1) is a "non-standard Gaussian"

Amazing Fact 3 : Sun of Gaussians is a Gaussian

If XuN(0 , 1) ,
YwN(0 , 1) ,

X
,

Y independent ,
a,6+R

theo ax+y -N(0 , a+6)



Metric Embeddings :dow can we approximate a complex metric / a simple one (ii) today)
An embedding of Metric Space (V,

d) into Metric Space (Vid') is a function fiv-v

(d) and (vid') are isometric iff I embedding fiver' Sti d(uv)=d'(f(u, (r)new

and Vice Versa

& sometry not always possible,
e. g .

%
V1 A % w d(u,v)

,
d(v, w)2

- ①

no
,

ou

so d(u, w) =e #

V = Re VIR
d= Euc.

distance d' = Euc
,

distance

f has distortion & if d(uv)
-

> d'(f(u), f(r) > @ - &(n, v) VarE

E. g. & =: above

Ideally :
& small + (rid') simpler/more structured thas (v,d)

logs

Today: linear embedding of (V , d) into (M , d) for VER VER,
**

-
I= m Enc,

distance

wr distortion= for small Es

Reduction: for goal, suffices to give linear sit.
(If (W)/CE,

15) forem wait

g as in goal Let Fitte): g and=
#

114-vll -llg(a)-g(r)/1 =@ Ilu-r/ Vu,VEV goal
↑

((u -vll -
> 119(u -v)l) > 0. 114 - VI 1 - 3

-
> ( -3)(Ig(will Itd w= EEV-V

E

IzlElIg(Ill1211 FzEV-V *

I 1 Ella glas HE Vw= FEV-V

11/19())) @ VIEV-v
↑

#

1[lIg(willdVw=
FEV-V

(If (will
%

-[1-3, It2] vw= EEV-V



* Distributions +Concentration

X is a chi-squared MV / & degrees of freedom if

X=2
i =

where each 2
: ~N(0, 1) independently

Notated Xvfib
Claim : ECX1 = R for X-i

Have #Cz] = var(z) - EE) = 1-o

Claim follows by LoE

Can't apply cherooff for concentration 61 notEdo , 1 (or ever bounded

Nonetheless
,
similar proof works

Car get-O(d) in exponent

instead of -0(5) YS
Smit

, ↓
come back

if time/
Claim : Pr((X-E1/ER)12 . expl-sin/e) for X-EG (et(1)

will prove uppertail ; lower tail symmetrici claim follows by unioe bound

Let t= 3/4 so telot) and 3 + St= E + +5139/8 -Se(0, 1)

etoor-decreasing
Markov

2. ind ,

↑(x -E(X) (k) = Pr(x = (+ 3) .k) Pr(e+ ze(+)]E(e
++] + πE(e+-)

e(l+ 6) . +m
=

Gausia
+ 3) :th

Now calculate Elet) =Let I

-+)

= Ft

Plugging Elet) in get Pr(XI(HR) _ )ei"
I

= exp(- t - J(1 -(t)- st)= exp(- 3t- 2 +) <exp(- 3/0)But gltelt Not ↑ ↑

e11- .ex for X(0, 1) above Choice of t

Combining above gives result
So -6/1-et) -It



Random Projection

simplest case : R=

Let X = (X
,

Xe
, . . .,
Xe) where X: ~N(0, 1) Vi be a vector is a veformly randon

direction

Let F : R" -> & be f(w)= (w , X)

I·
Pick random direction X

W mapped to low far along X Proj(weX) is

&

Claim : (If(w)/l ~e Fr Sit , Hall =/

(wil = 1 -> I wil = 1 ->wi =

so IIf(ull = Iw : X
:

W
~ N(0, Wi +wit ... + wa) by [Gaussines = Gaussian

= N(0 , 1) 6/c 11w()= 1

Corollaries :

1) #[11f(i11]= 1 VW s.
t . (w/ = 1

-"Random Projection Preserves voit

Vector length in E"

9) Pr (IIIf(110 - 11 =3)12 . exp(- 3y/d) -> Vector length ever concentrates
under random Projection

Problem : Upper tail useful but lower tail not -> =logy from #
I

had distortion

Solution : bring E up to loge by repeated trials



Johnson-Linderstrauss Lemma

Let X* (x, X ... X) Where each XmN(01)
Let f: (w) : = <X, wi

Equivalent to

Let F(w) : = (f, (w)
,

fo(w), ... , fr (w) -An where A
.

eN(0,1) ↳
Claim : (1F(w)//& Va Sit , Iwll =

So Flinear (x

llF(ull=( )) = IfCall and IfWill E by previous clair

Corollaries :

1) E(IF (11]= M VW st . /w =
-> So

,
Kologo -> good concentration

9) Pr (IIIF(110-k/ER) 12 . exp(-sin/p) Vu sit . I wil =

Let E(w) : = FF(w)SaledowsohotVectornapped touitVetoits)
JL Lemma: For any M

&
Keit vectors It and R=e. Fitter satisfies

IIF(w)llE (1-3
,
ItE] VwEIN

except wi pr11-

Note EflIECWY= ETfculi] = 1 (a)

IIF (will EC1-3,
1 + ] Only if IIF(wilE[CIDR,

CHEMS Only if IIIF(will -R123R

But Pr(IIIF(w)(1-R12ER) -2. exp( - 31+a)= (6)

By unde bound
,
F(W)E(1-5,

12) -now except u pr (C)



Application of JL 9 ,

-NN-Search : initially givenGR
, Witm (i) - &

C
-

repeatedly given queries 91
, %... E -

V 9
.,

return XEI Sit .CX)
S

...
9

as fast as possible

Naive solution : 0(1 . M) time per query

JL Solution : 0(.m) per query

let Firer" be linear embedding / distortio. # from 51

for k= 0 ( ) so

Let V := &F(X : xe=3 (ii)

For query9s,

return XEX Sit F(x) =Y where y= argeid(y,9) Civil
y + y

Easy to verify result is (approximately) correct

Takes 0(m) per query

↳ Car ever reduce toCt) of a little more work!


