Today
- Bo“""a'.h ntuition
— EXpansien claim

- Proef of T \
- Proof of Bourgain w/

An enbedding of Metric Space (v,d) o Metrc Space (V)d) i o functon VOV
f has digtortion i dby) £ d.(F(u),f(v))SO(-d(u,v)

Given  metric (v, 5)

The (uesed)  radws r lall cedered ot XV s B(x, ')5=23€V=3(X,))<r}

The ofen rodus T ball ceered at XeV is B(x,1): —g?GV 3(x,9)< r}

m\
' S{'W"’ Cﬂudu, - Schwarz ? '“ V; | £ \{E“T\E‘T = "llu llwil

The (oncestration Frame Work

a) Ghou fact  true f all RUs  peor B

b) Comotratn: eacs RV ab @ (=1ar) o/ goed Moty
i C) [f nor bouds all RVs "

O\erhow Bound

Probabibshc Method  Adpread

Let K\)Xz)..‘)x,, be e perdet RUs ) Ravdony vl choics
st X = ; ;//];‘: 7_\5\0..; Yr(&:sm& outne) >0

(So degired cutcne 9 Pamle)

Let X::Z‘x.l) M E0X]
Then  J€(0,1)
Pr(x §(|~J)-M) < &P(-JaM/1)



Boucguns  Theoren: gien ay h-pent Mebric (VS) 3 (boly-time computalle) enbedd: ing f
w/ distortion 0(logn) of (V,s) into (V d) for V < Ro“.’ N

Ewc. d‘ﬂqnu Can "fd“u to
Comstruction of f: O(lg ) w/ 3JL

Intuition: €stimate  distances by d:fference n distances to "wugro:nf" Sets

rF" §CV XGV let S(¥):= mgnnS(X.‘)) and  8(%,9):= 5(x5()

Distances yes
;:& Clasm : 5(xs) < 5(uu)+5(49) VxyeY s€V (set triongle inequality)

bave §(x$)= 80 se)<5(x, S(s))<6(x.9)+5(9,s(9)) S(u9) +5049)
tn "‘IK incquality

wil let ¥:= f(x)
Fist Mieml: Fix fame  S<v, X 70 (5669) x@ Ay (509)

Distastes heve- 90 up: d(Y,g\ =,5(X,$)-3(9,5)|§F5(X)3)

Get Tricegle

= @ -

Distances @n 90 down: €.9. whea 5(¥,§)=5(‘h5)

",@’
When distances dont 9o down Much® ‘ ‘
(4 ) - S_(M)
Let  B:=8(4"2), 6= (1

"(ﬁereqn“E—-F SEG and S¢B then A()?, :ls(xs) _lys)) 2 5(»9)

Suppose |B|%|G\ and Say Xy i like Xy if
[B0x, )| ey, ) | < 8|
|




Problem: need dlistane; o alvays ot inc reage, not o/ Q) prosality

Solution: ©(logn) refetitions
Seand Attenpt: | 04 g.ev v Pr r',l' indelendeatly  fer i€ [oegm )

Let ¥ = (565, 8(s),.-)

@\ % ¢ : (“!ﬁ.)) J(x,’z), s(){l’!) )

‘).N)

X @ §=(8(»%), 8(y,%), 3, ’;))

Wh Gay Par lire Xy achieves dream for é((g,,.) 5.
L.) distances don't decrease for Hese Pars

Problem: need £ 4o work for @t purs mi st o e Xy (halls of sice )
Solution: try all fessible values of [8) as pewers of 2

Firal Atlemph: Let €21 b a lame comant Chosen later

For  se(togn] (I8l possiiities)

For ie[clogn] (repetitions)
S, Comtains each VEV indebendently w/ Pe ;

(M)
C: lo, n

X ,S(x,s,) % XeR
® 9

\ ”
Si

- ' ’,,
ka ft«) X= (S(X,S.,) S(x, s‘1-) S(xxsu) )
(N®



Expansion Clain: }'._'!’?; - '2.,-0 logn - § (x,9) VX,t, AR
Gligt Cone back,
¥

Proof of eourgq'.n Using ExPansion Clasm

WTs 3069 € d(¥,§) < OClogn)- 5 (,9)
OBSQrvc

Set érvm,«. incqualty
5(x,S.) - 84,5, <5(x,9) Vs bl 8(%S: )‘50( 9) +3(ys,

\I Z‘ (5( ») ‘5(9‘5;;)) 5 ‘z‘ (S(V)")) = (-lO,ah' (g(xl‘})

¢ ’k(»lqn
l
OTo} d(x,%: I%-gl-nan > {_: S(")‘;) > 5loy)
[ L) ’)‘ r logn T 10 2
E . C |6r(l¢ EAW,‘\
Strong Caud’ -Shwere XPans.on

Claiy
BN -l" C:logn

Bourgq 100“0&15 ‘73 Probabalistic  methed



Proot of Expansion Claim

Fix X)ljé\/ T~
Let roi= din b st 18] Jocn) 2 o’ ‘% ‘ :)
et t ‘= Mot s.t Zrt 35(’0‘»)

Bf 51'1%(3{3 will assume 'Zrt 25()(,9)

$o &z”) frt![I\

Also for It ginee €, have

bt €2n £ 5) |@

3)

—_

Moo, for ey st ()] or |lyn] <2

for evey ¢t [R0,1)] and 8y, v,)| > 2" |9

To diterss o/ assumption:
Redefine rt:—‘-wT") let Ff be old re

(a) ) (d) trval

Stll  have f N sce ofw 20 220 2506) - Contmditing & Cheice

0 Yiar, Lar, =50y g (1)

Also l’t ST by defintion —> givey (c)




For Fued 524, have Z’IX -9,,| 25 logn (ry-r.) v bz 15
WLOG  suppose |e(x,r,)\<z @)
Let  §, = By Vet oot
Let G5 e By, r;.) Dwet ren-chily

Let E,:26,05,20 an §N5;=2
IF E; 'H\e" ‘)’(.J-g,‘J Zr“ =T~
I"\ B:) 05;3 :ﬁ t‘w@l\ X = é(xjsis)z r

If 6,052 then Y. =8(ys;) £,
So if B,N5,=0 and ansu#a then |X -9, | 2 v -1y,
PrE)2 %

Nobce 112" and l&sl22"" (¥)

9~

|
Pr(G',ﬂS‘.-J ;tﬂ)i[—(.l-';,) 2 |- exf(-2i7z">: |—-\\‘%

) |X<e [ J|um>e
Pr (6 NS, =4) > \-,L,) (1- “J) >CXP( 43) =
But 3¢t so B NGi=g (2)

S 1520 and G;Ns£0 are ndependent and (1-4)(c5)2 T
Let X;:=4(E) and X:=3x s EX12 Gelogn
Pr(X £ 5 logn) £ 75 by Chernett fmcw—> Z.'lx -9., |> = logn (r r,.) VAR

By nion bound owc~~«»s27"‘;3-9:;\2:0~'°9~(r--r--.S o b2 Yist

TkUS ?‘X “j ' ?‘x "J ' 20 |Ogn[' (, r.) = |09n l' > % log-. —(—'1)
! )
XAt v/ Pr <5 teopiny 2 22 (o)

h =0

33 a Wnion fowd over < Yy have the @fcosa Claim



