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- Bourgain intuition

- Expansion claim

- Proof of T
- Proof of Bourgain

An embedding of Metric Space (V,
d) into Metric Space (Vid') is a function fiv-v

f has distortion & if d(uv)
-
> d'(f(u), f(r) > @ - &(n, v) VarE

Given Metric (V, d)
The closed) radius + ball centered at XEV is B(x, +) : = Ey = V : &(x

,Y)[33

The open radius + ball centered at XEV is 80(X,
+ : = EyeV: (x, y) < +3

Mus
reent

Strong Cauchy-Schwarz: V :1. Mullillvil VaveR

The concentration Framework

a) show fact true if all RVs near E

6) Concentration: each MV at E ( log0) we good probability
*Ost C) Unio,

boad : all RV
1

really

enteoff BodX ..., Xo be modependent RV

Probabilistic Method Approach

1) Randomly make choices

Sit . X=E 2) Show Pr /desired outcome)O

(so desired outcome is Possible)

Let X:= X
:,

M : = ESX

Ther V Ge(0
, )

Pr (x[(l -+)M) < exp(-ru()



Last time : (V
, d) for VIR embeds into (V , d) for VI &* and Ro

But not all Metrics are from subsets of R w/ Euc .
distance

, e. g. shortest paths or graphs; see nw.

This time :Any Metric embeds into (Vd) for VER / low distortion

Bourgain's Theorem : given any point Metric (V,
G)

,
I (poly-time computable) embedding +

/ distortion Olloga) Of (VG) into ( , d) for= Rolloga
Y

Euc.
distance

car reduce to

Construction of f: O(logv) w/JL

Intuition : estimate distances by difference in distances to "way point" Sets

For SEV
,

XEV
,

let S(X) := argmind(X, 3) and G(x, S) : = G(x, S(x)

Distances YES

sets Claim : 5(x, 5) [0(X, y) + &(4, 3) ExyEY SEV (Set triangle irequalityto I Have ((x, 5) = 5(x, S(x)) = ((x, S(y) [ 0(X, y) + 5(y, S(y)) = G(x,y)+(4
,
5)

↑

triangle inequality
will let := f (x)

First Attempt : Fix Some Sar
,
Xis(os)) ....... (5)

Distances never go up : d (X
,y) = (5(, 3)- O(.S)/[8(X, Y) EX,YE

↑

Set Triangle

......
inequality

Distances car go down: e . g . when ((x
, S) = 5(y,

5) EX, ye

.......... 8
S G
⑧

Y
When distances don't go down Much

· r
trivial if

Onlycreate Let 6 : = B(x,

+(x
,y)) ,

Gi= (y,

0(x
,4))

X ,Y "team" [If SE6 and SEB ther d(x,) = 15(X, S) - 0(y,S))))
suppose18/16) and say Xy' is like Xy if I

18(X / 10(3)(510)
If sev of pr o then Exy'limex, y dream happens wr hell prod.



Problem: need distances to always not increase
,

not just w wel) probality
Solution: O (loga) repetitions

second Attempt : Let S
.
Ev w Pr independently for :Collegel]

Let Y = (0(x, Si)
,
8(x,

+)
,

...)

·, =(,
See

5 = (5(y,
5,)

,
8(4

, 3). G(y
, S3))

wep any pair lime Xy accieves dream for G(loge) S
:

↳ distances don't decrease for these pairs

Problem: needf to work for all pairs not just those like X,y (balls of Size8)
solution : try all possible values of 181 as powers of e

Final Attempt: Let 111 be a large constant closer later

For je[loge (181 possibilities)

For : e[Clogy] (repetitions)
↓

Sig contains each VEW independently wr Pr

Clogg
X

:j
= G(X, Sij) so YER

⑭

↳ X = (s)
,
S

,x

D
"



Expansion Claim : F -Yologe · G(X,) Ex
, y except pr

Skipt come back
↓

Proof of Bourgain Using Expansion Claim

Wis G(x, y) -

> d(X, j) = 0(log %) · 8 (X, Y)
set triangle inequality

↓

Observe((X, Ss) - 5(y
,Si) -5(x,y) Vis 6/c G(X,

S
: ) => & (X, y) + 5(4

,
S

::)

so d(X
, )= -5) = (5) -5) - &(5(x,y))) = clog . ((x, y)

ijj

ERGo
OTOH d(X, j) = 11 * - 511 : /El

<
-is -F . ((x

, 4) < G(x, y)
IIIII ↑ r

. loga ↑ ↑

Strong Causly-Schwarz Expansion
C large enough

111 log
Claim

Bourgais follows by probabalistic Method



Proof of Expansion Claim

Fix X
,ye

Let +j : = Mid + Sto 18(X
, +))

,
1814,H :" ·

Let t : = Mir + Sot . 24+18(Xy),

For simplicity will assume eff = r(x14)

so(x,y) ert()

Also for jet SinceIt dave tot <Cr, [G(y) (e)

Also
, for every jet 18, /;)) or 18%,)) < :(3)

for every ist 18(X, 5)) and 18(4
, 5)120" 1)

To dispense / assumption:

Redefine :=4) letIt be old it

(a)
,
(d) trivial

Still have E et Since orC = Exy) contradicting + Choice

So(
+ + ( y (2)+ = G(X,y) -> gives(b)

Also #25 by definition -> gives (c)



For fixed ist ,
have -Yology (4-51) of pr-1-t

WLOG suppose 18X,/e" (3)

Let 8:
= 80(x) -> Wast empty & &Let Gj be 8(3 ,

t
; -1) -> wast mos-empty

iLet E :: = G
;
1S. and Bj15 =0 B I

If E.
then (ij -Gis)]5j -- (... 5 ... ) (... ... )

# Bj15: =0 theri = G(X, Sis) Itj

If 61Sis ther J =(Si)t

so if B
% 15.

=0 and Grs0 ther (j - Gis)]5; -5-

Pr(E :) - To
Notice 18:1 Je and 16: 12e""(1)

j- 1

Pr(6,% 70) = 1 - ( - j)-1 - exp(:i) = 1 -t

=
1-xe

*
EX
jj( .63x2e

- x

X

Pr(B, 15 =0)2() - 5) = (1- ) - exp) . 63) = Te
Butjt so 8; 16; =0 (4)
so Bilss=0 and 6,10 are independent and (-)(i) = to

Let Xi := (E:) and X :=X :
So #EX)[Tologa

↑r (X1. logy) by Chereoff for Cage- [Kis-GislGloge (5:-(i) u Pratconstanti

By Union bound over cloge ; -YolGloge (4-5) u P1- Vist

↑us -Gilgoglog
↑ ↑

except / pr15 telescopies
+ (0(X,3)(()

J = 0

By a unior bound overX
,y have the expansion clair


