
Today

1) Movies Around is UPS

9) Basic Feasible Solutions (BFSs)

3) Feasibility is exp .
time via BFSs

4) Optimality of a BFS/optimization in exe . time

5) Mark Lemma

Recall

LP feasibility : decide if 1 = EVA=

Le Optimization : return Xel) Site <CX) = 098 (or report Opt = e)



Claim ! Given X-1)= ExiAxeb3 and WE R sit

<w
,
9 :) 10 Va. trows (A)

Have X+Ew-)) V 220

for Gitrows (1) ,
dave <a.,

X+ Ew] = <a
.,X) + E . [arsw)

[ [ai,x)

[bi

Tight Constraints

Xel) is tight for constraint (a + X> 16 iff (9,X) = 6

Tight(X) : = Garfrows (A) : <9
:, x) = 6 :3

For BorsIA) let Ap
be matrixw rows 8

A As

Frows(ad = 0

Will consider A
right (4)

Claime For Xel), if T= Tisht(x) and Welder(At) ther Tight() [Tight(X + sow) VEz

weker(A+ ) -> A+
w = 0 -> <a, w) = 0 vare +

so f a: Eight(x) Gave (a
,

X + Ew) = <ai, x)+<a w) = (ax)= 6:

So aif Tight (X+ Ew)



Lem 1 : Given X= 1)= Ex : Ax =b} w Ti =+is+(x) and weller (A+)
If <W

,
9 :) -0 V a

.
Crows (A)

↑dee #320 X + EwEK and Tight(X) [Tight (x + er)

Immediate from claim I

Lem2 : Given X-1)= ExAxeb3 w Totist(x) and Weller (A+)
If <W

,9) >0 for some a. crows (A)

↑der 1970 Sit .
X+E-1) Vd'e[0 , &]

Got to here " and Tight (x) & Tight (x + (w)
Class ->

(but also did Let In := Si : (a
.,
w) <o]

·
letE: for it Iw

Optimization

seating reductioLet and y= X + aw for 33

yel-
Ifget thee (e,

a:) = 6 by Claim e

Ifaiet ther < Y,a) = <X,9) + Ea,
a

:)
[(x,ai) + 3 . (w,a)↑ & [X ,

9 :) + 5 %· <W,
a:)

= 6 :

Also for itIw Sit . E = E (of whic 11) and d = 3
,

0,0 w/ equality so Tight (x)[ Tight (X + Ew)



↑hm : Given X-1)= Ex : Axeb3 w Totist(x) and Weller (A+)
EGo Sit . XW
Further

, if <W
,
9 :) 10 for some afrows (A) then right (X) &Tight (y)

for some yeX18. w

say w type I if welter(tr) and <W
,

9
.) 200 Afrows (A)

type & If we Her (A) Gnd <u9:) >0 for some a trows (A)

WEler(A) --wEKer(A) So each of w
,

-w of type (or e

suppose both type I

Lem 1 gives XISW21) VE20

If <W
, 9) 50 for some a trous (A) the

at least 1 of wow of type &
,

WLOG w

↓
suppose w type &

,
-w type

Lem2 givesa Sit . X + Ewl) And Tight (x+ aw) <Tight(x)I Lem1 gives X-EwEl

Suppose both type &

Lem & gives E
,

St . X+wel) Vie] and Tight (x+ &2) & Tight(x)

Lem & gives de sit . X-Swel) FEE[0,] and right(X-Ew/ Tight(x)

Let 5= min(
, 5)



Basic Feasible solutions

Xtl) is a basic feasible solution (OFS) if dim (Tight(x) = -

Claim : If 15 =GA the 1 has as

4)Special case : equational form LPs

Further
, give W OPT= Max <4) =&

yel

ther - a BFS 2 Sit
. <42) = opt

Notice if A = (E) =E , () +( = Ex : Ax = b)
Let Xel) be any tinal solution Maximizing (Tight(x)) :=1)

↳well defined the opt &

AFSOC X not a BFS So dim(T)< so rack(A+) < o

rack(A+) ↳e so two St .
Weker(A)

But if W. ther <-e
,

w
: ) 10 so Jagerows(A') S .t . (a,We

so by theore theo Jyt1) W/ Tight(x) <Tight (y)
-> Contradict

Choice of

X

and XISW[K

If <, w) 0 theo either <3w)0 or <-230

->(X + Ew , c) > opt or <X-Ew, c) <Op Bat

contradicting

so < (w) = 0

But ther IyE) , (4) =opt and Tight(X) Stightly)

↳A contradiction to choice of X



Claim : If X is a BFs of SX : Axely
thee it is the unique sol ,

to

Agx = 66
VB [Tight(x) a basis of Ro

Apx = bp by definition. Of Fight(x)
Conversa

ofabove Uniqueness from to a full rack exe matrix

Claim: If xxR satisfies Aox = 60 for some basis Brows (A) of Ro and Xelt

ther X is a BFS

8/ light for Brows(A) so dim (Tight(x) Gran(Ao)=
Enum

.

BFS Alg
B =0
-

& bases Brows(A) of Re
-

Use Gaussia. Elimination
C ↓ note that if Ex sil,

If Ex Sit
. ApX = bo and Xel) , BEB +X Agx= 68 +2011 such X

( check if the
Return B

Correct 61c Xa BFS if basis Crows(A) of R Sit. Ap= do and Xel)

Rustine = (8) · Poly(a, a) <M % Poly (o, a)

↑Optimization

Feasibility
,
Aly ,

Put 19 form Ex **
-Note Puttin"toaoa

Let B be all BFss off
Return 10:FFBE/return XEB maxion <X, C) (or report opt =a

correct by fact that Ex:63 feasible if a E

(Takes = M Polyha) time (vs - time last time Got to dereic class

& Cosy stated OFS Optimaliy)



Rank Lemma

Give K= Ex :Y
,

if X is a of ofto

ther (E :e.. <3) [Nark (A)

Let S : = Girl, < <5 :3 and Ji-coels

ILet A = (and() so ( = Ex + Ax + 6)
Consider a basis B &Tight(x) -> 101 = ·

181 rows (A)) Crack (A) Since O independent

TensrousErows(lzo-raR
so (SI + (5) = 0

-> 1S150-151 EranSA)


