
Today
1) LPs as "scapes"

9) Geometry of Inner Products

3) Basics of Convex Geometry

4) LPs as Convex Shapes

Recall

Xtl) is a basic feasible solution (OFS) if rack(Tight(x) = -

Corollary : Given X-1)= Ex : Axeb3 w Totist(x) and weller (A+)
500 Sit .

XId .W] /

Claim : If y is a BFs of SX : Axel
thee it is the unique sol ,

to
8x = 66

-B [Tight(y) a basis of Ro



Les as a"Stape"

( = GX : A+ =63 = 3X: (a
,
x)[6Vatrows (A)]

Y
A bunce of points in Ro
What Ried of "Scape"

A set of the form 15 = EX: Axe63 is called a Polyhedro.

If &atR St . d(X ,3) a EX
, yek ,

thee 1) is called a polytope
↳ 12 is "bounded"

Inder Products + friends

Geomet of Mu):=) = d(0, 4) = legt of u

[u , u)
↳) Notated (141)

Geometry of
8

( ,r)(u ,v) :=
u .. =?

Pros(utv)
What cer Minimizes d(CV

,
n)

↑

F Let (:= argnd(CV, u) and Proj(n+> v) : = c*

(u , v
To some calculus and get (

*
=

↓
(v

, v]

& Miod((u) = Mi(C))6/cd10 and squares is norton

inecasion

Proj (n =) = (iv) so let f(u =(d(( ,u)-) = [cv-evth
So <U

,
v) gives dow much

-Vi
U is in direction of

Cup to normalizing by [V,V) Set, suefor
to get

Ther

M

Notice , <u ,v] =0 - =>or orthogonal
-v



Give VER
,

Cer H := Su : [u ,v) = Ch is called a deperplane

Equivalentin
,

H
=

= &U : Procu-v) =c -v
= C.

T·
↳ so u

,4 H -> Proj(u+v) = Proj(u'-v)

-

-
V is called the normal vector ofIt

Brc if UuE the (n'-u
,
v) = (iv) -(ur) = c- c =0

-v
i

·
-

Give VER
,

Cer H := Su : /u ,v] & ch is called a halfspace

Cry for ((
~ ~

r =
15 = 3X: <

,
X)[6: Vatrows(A)] is the intersection of M halfspaces

i Notice if X is fight for

(a.,x)[6 :

ther X is in the dyperplace EX:<
,
x)=)

Also notice if only a costals here
get Polyhedro

Give 14
,

Xel) is a vertex ifI W Sit. (w,
x) > (will

Yy + 1)
, yFX



Intro to Convex Geometry

Give UVER ,
PECO

,1
,

w = R. n + CHPV is called a corex combiention of how

[u ,v] : = Spu + (1-p.r : pe20, 18) ...
# 2 R is cover if uve -> [v][1

Of S
Convex

Not
Convex

Give V= Eve ... 3 [R , the corex full of V is

(o (v) : = Ev : Pe, ·V
Claim : Co(v) is correx

Vy

Consider U
,VECo(V) and Pe[0,

1)

U=up and v = EvP!
↑

so put(e) . v = P. p + (1-4) u=p. +(9)

smippable Also Crep) e [0
, 1) and (p. +(p) = P. P. + (1 - p)5p! = p + (- 4)= 1

z :

Claim : IfIt is convex and VE1 ther co(v)(1) -"Cor() is smallest corex set containing
I

Consider w = V
,

P
, trelet ...that ; Wis if VEI) and 15 covet the well ; reduct of M

BCM= 1 -W= V, for Sorei and ViEV11

IS: M2-)W = VP + (1-4) . Um where B: and;ve b It so well by convexity of 1

Given KIR
,

X is an extreme point of 12 if XE[,2) for 4,
241 -> y = 2

⑭
&

O



Fact : Polyhedron K = EAX = 63 is correx

supposeavel and PETO,

A(pu+ (1-4) ,) = PA(u)+ (1 - p) . A(v) [p. 6 + (1-4) .616

So Pn +-Pvel) so [u,r]21) so 1 corex

Fact : Xe = EAxe63 is a BFS off it is a vertex iff it is as extreme point

BFs -> Vertex

Let Xel) be affs and fix basis 8 of Tight(X) ; X is unique point is 10 tight for 8 (6 clim)

Let W := -> SixTight(x)
,

dave <X, w = Fi.
: a+ E

OTOH for My yell St . YEX,
dave (4, 2)< (since y not light for all costratis a

extreme point -> BFS

By contrapositive ->> suppose X not a OFS so farm(tight (*) so wo Elser(right

But thee by corollary have 500 Sit .
XIG. W() so X = = (x+ 5w) ++(x-. 2)

↑
so X not an extreme Point 10

vertex -> extreme Point

By contrapositive -> Suppose X not as extreme point so X = P . U + (HPV for

some PE(0, 1),
UEV

, uvel)

for a give WER have <W,
x) = P(w

,n) + (1-p)(w, v]

4) Follows that either <W,n)](W,x) or (W.v)[[w,X) so X not a vortex

surprisingly hard

-
to show

fact : If It is a polytope/ vertices V theo ( = cor (1)

summary
The Polyhedron (1 = EX: Axe63 is the intersection of M halfspaces and is convex

Xelt is a Bfs iff vertex iff extreme point

IfIt is a holytope thee it is the corex full of its BFSs/Vertices/extreme Points


