
Today
1)T comno. Setupson LoadBalacoa Bals- Bi

& Birtidas Paradox ↓
3) Concentration Bound Paradigm

3) solves (1) wr (e)



~

Escenarios

1) Random load balancing

·
Tra
-X
D D ...

Assume schedule jobs uniformly at random.

What's Max # jobs or a macdloe?

2) Coupons : 1
,

e, ...,
d

.......
Assume each box contains a uniformlyraddle coupo

How many cereal boxes until collect all coupes

u good probability?

3 Birthday Paradox

&...
Assume6days Uniform

How Many people until e people share

a bdayoy good probability?



Balls into Bios

Really 3 Questions about 1 Scenario

& ballspo o canna

o WWW

1) Max # balls is a dis Cassuming n=)

Elen ~ Pr ? -

9) How big must M be until 21 ball to all boos

M molda u Prs1 - +

3) How big mustM
be notil 22 balls

in some bis ?

& To give tell) probability



How toSolveYour Fave Radonizatio. Question

to show fact (*)

a) show (*) true if all MVs near E

6) Concentration: each MV at E ( log0) we good probability
C) Unio,

boad : all RVs
1

Let Xig := ball ; no bio :

Let X:: = Xi (falls is Go :)

1) EX : ] =1 (wider m= r)

2) EEX: 1 = M(loga) (wher M2Molone)

3) Call first of balls red
,

last t balls blue

Let % := So fit
blue hall its a boo or a ela

Let V :=
Let R := Gr. wr 22 red

↑(alls) Pr(MU)
= (r) +e()I

- B
-Pr( + 21(5)

4)wts large

But ES]=en] = ge = 16) if mar



A o Fact : Gaussians are "concentrated"

Let 2 N(0, 1)
,

theo Pr(22 (H) <ex1)-+ /2) At

↳ will get similar bouds for general class of MVs

Markov's Frequality
suppose X is a no-negative RV / EEXO

Pr(X2a . E(X)) [*t Est of Va = !
the time

Intuition ↑ A
& EIX]

Why Non-Negative?

EX= ] A
a :Ex) · Pr (Xa .#[x]) a.Ex. [pr(X= :)

↑ [a . ESX]

< % . Pr(x=i)

i2a : Ex]

↳ EEX] (a0- yeg)



Aside : A faction fines is nor-decreasing if a26 -> f(a)26

For RVX dave Pr(X(a) <Pr(F(X)[f(a) for 10i.
F

Corollary : Cebysiev's Inequality
↑r((X-E(xi([a) _>V
Let V = (X- E(X3)

-

so ECX = Var(x)

Morb

#

Pr((X- E[x)( =a) = Pr(y = a)

= Pr()
=Ea) (nurno

All stopped to class



#of BadX ... Xe be redepedest V StX =E
Let X:= X

:,
M : = ESX

( !The v 020
,
Pr(XIrm) _ EXPCe

Chernoff simplified
livi to log o

Pr(x2(1 + +)m) = exp(ury(+ r)) 8520
i = r- 1

Havee [log(Hr) :20 <et
logd to Fre

coorex and S daret at o = 1 to RHS

so
= exp(o - (+1)= ) =exp)

->If Most C . loge , get at most to t "with dis probability"

Lower Tail

↑r (x [ (l-r)M) < exp(- rm(e) v jz(0 , 1)

Only did simplified to class



Solving Problems of Chernoff there Bound

independent1)F
M = E(xi) = 1

↑ (XIM(H) -
> expl- +log((+10y +)
[exp) - Yl0g/2109)
=-

-

-> So Xi Heloge of pr

pr (X, Helog ~ UXeHogeV ...) blog

UB

!

supped EXi] = 0(1) So X : < 10se wip so all XiElon.

* Let Mitrile ,
Fixi

M = E(Xi] = 161-
o

Pr (X = (t -+) . 16(0) [exp( - +16100/0)
=-

--

EX:1= (1091)

Pr(X, [00U XPrV ...) 1 * E so X = Ellons) was

So all X: = Elloat) wit



3) For blue ball ;
↑

stepped
Let M=

Conditio ,
o

V=E
All independent

Have M= Er]= . = 16

↑ (v=0(2) =r(x(1 -+) - 16/t)
Ess

[exp(-+ (()
It

Pr(alls)(i) = It

ECUE] = O(1) So X21 /(1) Probability



Hoeffding's Inequality

Let Xi
,
Xe

, . . ., Xu be independent eVs Sit . Xi[a , bi]
Let X:= X

:,
M : = ESX

↑r((x-m(2 +)=exp))
->Additive
->Doest assure XiEEO j 1)

shipped



I stopped is class
Chernoff Proof

Let S = lo(Ito) and a = (H + o)M

Pr(X = a) =Pr(ee)
moto

. Markov dfe ,

=TEsa
C

↑
independence Get a ree.
=T I see -I exp(( - 1)

↑ esa

| +x(exp(x)

= exp(ip(e -1) exp(M(e - 1)
-

esa

esa
M

=jexpo !↑
S = ( (l + i)
a = (l+ r)u


