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Sparsest Cut

Given connected graph G= (VE)
S

The volume of SEV is Vol(s) :=deyl
15(s)

The conductance of S&V is 9(: mic (vol(s)
, vol(VIS)Fsparsest cut Problem : find worempty SCU Minimizing P(s)

Let Opt := Mina(s) vol(s)= 16 )=

Note : not always a Mid Set cut (G(s)) =e

Note :9(5) ((0,
1) always 6/c Mio(vol(s), vol(us)) =(5(s) q(s)= t

Fact: Sparsest Cut is NP-Gard

H-Sparsest Cut w : E + R= 0

Also given complete edge-weighted graph H = (V, EH
,
)

(5o(s)
The H-conductance of SEV is 9H(s:=

w (GH(s) ->We -H - sparsest Cut Problem : Find non-empty SCU Minimizing PH(S)

Theorem : - Poly-time Olloga) - approximation for H-sparsest cut

corollary:- Poly-time O(loge)- approximation for sparsest cut

- Corrolay follows

scored Let WH(Emv3) =
depocus-degos : will show 9(5) = 9H(s)30.9(s) VSI
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H-sparsest Cut via Cut Metrics

Variable d(uv) for each uvEv ; let d(e) : = d(u,v) for e = quir

Not an LP
z! d(e) Y (l)

Min
etE

Sto & is a cutmetric or V

d duwu
↓ Leighton-Rao Relaxation

"d is a metric"
-
d(X,x) = 0 XX

zd(e) (2)
Min etE

Soti
d(x(y) = d(y,x)Vx,y

& dur · was d(x, y) = d(X, z) +d(z,y)fX, y,
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Let Optin be optical value ofX (v) ·w(u)

Claim: OptOPT

Let OPT
:

be optimal of (i) above and 0. be objective of (i)

opte 10PT ,
= Opt

↑ ↑

Mis Over usual

larger set 1-1 corr

Optim= OptyE OPT

Suppose d optimal for (e) God let O=Ed (v)
·w(sus) OPTe = (d)=

[ But tod is feasible for (3) so Op[O(d)= aopt

Sustang J

o [suppose d optimal for (3) so OPTy =Old s
extra constrait of (3)

But dy feasible for (1) so OPT [O(ds)EOy(ds)= OPTs



Proof of Theorem

Idea : Solution Bourguin cut (002

to ul Metric -> Cut o. G
(3) lose

O(log()
Alg

Let d be an optimal solution to (3)

Let (V,d) be What Bourgain ended (V,d) into / Olloge) distortion
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10 and do a cut metric wr cutI SES
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Return S

*

Poly-time 6/1 Bourgain + cut cose poly-time double

To see approximation guarantee:

For SES let Ng:=d,
(e) and:
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Expanders ER & - expander for short

↑ ↑
6= (V, E) is a p-edge-expander if 9(5)29 forenly SCV

Eng . · ·
① 14 is an(1) - expander ⑧ Above is a 0(t) - expander

competen
& vertices

Among most well-studied graph classes in TCS
. Why?

Useful for impossibility results deg(u) = 30v

&

Fact
:

Fro
,

5 an vo-code 3-regular (1) - expander ·- sparse graphs that are as corrected as 1 I
Shows :

- 180 separation qualityef (4)

- Embeddings into l
, or le require enlloge distortion (tightness of Bourquid)

- "probabalistic tree embeddings" require &(log) distortion

- Mary others..

Useful for algorithms
A p-expander decomposition of G = (VE) is FLE Sit . that the Econnected components of (V, EIF) are -expanders

Fact : f M-edge graphs FRE ,
f a -expander decomposition FS.t. #FI0(P. loga)

Fact: poly-time &approximate sparsest cut -> Poly-time -expander decomposition F S .t . /Fl[0(0 ·P. 10g·e)


