
Today
- l

, Metrics + Bourgain for e
-Rusle
- Metrics as vectors + convex cores

- l
, (v)= Core((ut(v)

Recall duitseed

Y

A metric space consists of a set of "Points" V and function F : UXV - Bo Satisfying
↓

"metric" for 1) f(X,X) = 0 XXEU +really F(x,y) = 0ifex=

y (ow a "pseudo Metric")

Short

2) f (X,y) = f (y,x) vx
,yeU (symmetric)

3) f(x,y)[f(x,2) + f(z, y) EXEV (triangle inequality)

An embedding of Metric Space (V,
d) into Metric Space (Vid') is a function fiv-v

(rid) embeds isometrically into (Vid') iff & embedding f Sit. d(uv)=d'(f(u), (r) Ever

Bourgain : Let 111 be a large constant closer later

Y For je[log (181 possibilities)
dost

need For : e[Clogy] (repetitions)

Sig contains each ver independently or pro
Clogg

X
:j

= G(X, Sij) so YER

Bourgain's Theorem : given any point Metric (V,
G)

,
I (poly-time computable) embedding +

-

/ distortion O(loge) Of (UG) into (V , d) for V ROClog
↑ Y

car reduce to
dont need

Euc.
distance

O(logv) w/JL
↓

Expansion Claim : F -Yologe · G(X,) Ex
, y except pr



So far
,

have worked / "Straight live" distances in Ro

Today: &
, distances in R and their connection to cuts

&, Metrics

Given X
, yeR define d

,
(x, y) : = [x-4 :/

d,(X,Y)

o
EUC.

distance "Y

Claim : (V,
d

.) is a metric space VIR

1) d
, (x,x)= (X. -X: ) =0

↑ Skippable
2) d

, (x , y) = [(X:
-y : ) = /y :

-xi) = d
, (x, y)

3) d
, (x, y)= (x -3 : )= (X.

- 3+ -y .)[[(X2)+ 12:
-y: ) = d

, (x,2) +d
,
(, 4)

19+61[(a) + 161 Fa
, t&

Bourgain's Theorem : given any point Metric (V,
G)

,
I (poly-time computable) embedding +

1

/ distortion O(loge) Of (VG) into (V , d) forG ROClog
Skipped, die

Let Y :=
go

where * from le embedding le instead

Wis G(x, y) = d
,
(x, j) = O(log +) · 8 (X, Y)

Set tringle inequality

so(2)=3= 350 - 04,-3)70(x-y = condomijj

OTOH d
. (* ,
5)= d

, (*, 5)= 80 loge ·((x14) r(x, 3)↑

expansion clarge
Claim



&, us le Eur, distance

(vi)
l metric

(U,G) is an e
,

metric if it embeds isometrically into (V
, d) for VER for some

0 .

Ai I ·
(v

, d) (v, d .)

e(u)=
(i)

&

For arbitrary V
, w/ lu =2

, let e, (CRC) be all e
,

metrics or

↓ below Skippable

Fact : V V Gave (v) (e, (v)

Sketch: random projections

Fact : JV Site
, (V) [l() -> t

,
has more "representational

Power" thur le
10 ,100 (1, 1)

Shetch:

10,08(,
%

)

So what can we represent short answer : cuts



Metrics as Vectors

Claim : If (V,d) is a metric then (VGd) is a metric fazo

1)d(X, x) = 0 (x+V -> &. d(X, X) = 0 Exe

Skippable
2)d(X, y) = d(y,x)fx,y

-> God(X, y) = 0 . d(y,X)VX/y >
↑

YX, y,
z3) & . d(x,y) & (d(x,z) + d(z,y)) = a .d(X, z)+ 0 . d(z,y)

& triangle inequality

Claim : If (vd
i) and (Vide) are metrics they so is (V

,
ditch

1)d
,
(x , x) +d(x,x) =0 fx

2) d , (x, y) +de(X,y) = d , (y, x)+ de(y,x)VX,Y ↑ Skippable

3) d , (x,y) + de (X ,Y) = d , (X,z) + d
, (2, y) +de(X, z) + de(2,y)Vx, y,

2

di
,de triangle inequality

Life Lessor : if can add + scale, good to interpret as vectors
11 Correspondance Between Metrics and Vectors

⑧

V

is=> Vea0
V

(Ydd)

Notation abuse : use dER' for Vector of (Vd) and called a metric or v

Convex Cores

The convex core of 0R is Core() :=End:0 v
8 = Ed,de

# [d
,de]e(ose(s)

XE Core (b) => d.xcore(0)(20

Corroary : If O is a set of metrics or V
,

ther &Core(b) is a metric or

Observe: If di
,
de Ecose (b) then didde(one(s) needed

& +de =Ed
+B=



↑ &e Cut Core

(Vd,) is a cut metric for S&V Sit.

Id (n,v) = GOurESor
US

*A metric brc (1)
,

(e) trivial

)
11)

&
m Oaryof distance

↓ (8)
For Arbitrary V, ~ (v= : let Cut(v) ]R be all cut metrics of V

Theorem: l
, (v) = Core ((ut(v) -V .

+el embedding
Also

, given dee
, (v) car poly-time compute diecut(v)

,
0& Vi Sit. d=did:M

start wor simplest case of le metrics ↑

(vd) is a live metric if it embeds isometrically into (V,) forFR and(x1Y) = 1x-y)
XX,y +)

* d(x,y) ?

claim : Ifa is a live metric or V then deCore(cut(u)

Also
,

can poly-time compute die Cut(u) , dieR Visit , d=kid :

Notation abuse: use ver and position or live interchargeably

Let V = Enive..., v] be V sorted left-right

dir
Let S:= Eu , Ve...,

V
:3 and let ds

,

be corresponding cut metric for is

Let &.:V-V 10 by definition

Have d= Fed 60 VyX (3)=(-V) = TV -Vi = Vy -xx = d(Vx, Yy)
:: S. separates it[X, Y Y

So deCore ((u+(v) 'VX
, Vy telescoping

Poly-time computation trivial



Proof of Theorem

e
,
(v) (Core((u+(v)
If I is an e

,
metric then d= Id ,

where do is a live metric

" ·
d:

Va I -> 6

I & d): ·

But each dif (One (cu+() by claim so by observatio, Id .
=d E(ore((u+ (v)

Poly-time computation trivial assuming & embedded itol
,

u/ Poly dimension

Core((u+(v)]l, (v)

Observe if d is a cut Metric ,
it is also a live metric

a ↳
:S

Also ifd is a live metric they so is andQLO

6

d, -> t di
y

Also Ed ,
for di a live metric is an l

,
Metric

" ·

d:
-> Ed: " I

6 a
,( I &

d): ⑧

↓

So deCore(cut(v) = Eid.d : so del, (v)
· L

cut Metric
11

live metric
-

live Metric
u

e
,

metric


