
Today

1) Metrics

9) The Multicut Problem and approximation algorithms

3) Low diameter decompositions (L00s)

4) Solving (e) wr()+(3)



Metrics

A Mathematical formalism of "distance/

A metric space consists of a set of "Points" V and function F : UXV - Bo Satisfying
↓

"metric" for 1) f(X,X) = 0 XXEU +really f(x,y) = 0ifex=

y (ow a "pseudo Metric"
,

will ignore

Short

2) f (X,y) = f (y,x) vx
,yeU (symmetric)

3) f(x,y)[f(x,2) + f(z, y) EXEV (triangle inequality)
Examples

y
- ↑

(R, d) where d(x, 3) : = 11x-y11=-y.)
X (a(x,y)[ - ↑

↳ (1),
(2) trivial

, (3) from inequalities lecture
-

(V, d) for any VIR
&

↳ for same reason as above

(V, do) where 6= (VE ,
w) for WEE R is an edge-weighted graph

and dy (w,v) gives the shortest univ path length
↳> (D

,
(e) trival

,
for (3) let Pxy

,
&x2

,
Pey be respective shortest paths

Then &xz0Pzy is an Xasy path and since Pxy is shortest X-]y Path day

X dj(X, 3) = w((xy) = w(pxz) +w(z) = dy(X,z) +da(z,3)
↓

w(p) :=l

Claim: If (V, f) is a metric space ther f(x, Y) 20 EXIYEV= "distances"
shouldn't

Have 0 = f(x, x) = f(x, y) + f(y , x) = f(x, y) + f(x, y) = 2 . f(x, y) be negative

in ↑ ↑
(3) (2)

so0[f(x, 3)
The Metric Framework

->will apply to multicut

: Find a metric in your problem

ii) Find Structure in your metric

↑ ii) Use metric structure to solve problem



Multicut Problem

Given G= (VE) and Vertex pairs (it)
:,

find Minimum size FGE Sit

Si not corrected to to is (VElF) V :
· So

↓ Si X
Generalizes S-t Miscut ~

X
Let Opt: Min If)

feasibleF t X
to

&

Fact: Multicut is NP-Gard

Still Possible : Find feasible FLE Sit . Ifopt for small tell is

Multicute .g, all restances
↑

↳ Given a family of minimization problems it w/objective w, randomized algorithm # : -solutions

is an -approximation if Eft(1))[0 -Opte) PETT

(v) IE
↓ y

Theorem: J Poly(,e) - time randomized Olloge) - approximation for Multicut

4) Obvious metric is shortest path distances

but we'll be more clever



Low Diameter Decompositions ->(ii) today

A random clustering of metric points so nearby points probably in same cluster

A clustering of V is a partition of Visto C = EV,
Ve

, Va...

The diameter of Vi is Al = maxd(4,v) and of clustering Cis A()=MaxA(V:)
4
,VEV

:

:
urEV are separated by C if UEV: and veV, for it's

A low diameter decomposition (LOO) w diameter A and quality a

is a distribution 6 over A-diameter Clustering Sit.

Pr (u,v separated by c) [9 . d(u,v) Vu
,
ver

CrE Y

⑳
Intuition 1 : Why separation probability depends or distance

&ecusto If dur)A thee Prev separated) =

Intuition 2 : tradeoff between A and a

large A Small A

small a 0000 largea



Claim : If G=(VE,w) and G is an 100 / quality 9 the &U, VI=etE,

Pr(av separated) _ g . w(e)

Have dy(nv)-w(e) so Pr/u, v separated)- g . dj(u, v) = q · w(e)

Claim : If 6 = (V,E) is a Choit-length) Path thee KASO
, (Vide) has a (poly-time computable) 100 w

92
I & 345618910 11

........... C

r= 0 ene
A = 3 V

,
V 4

r = / ener
i

Vp V Ve Vz

t= 2 --
Vo V Ve

↑

shift A length intervals randomly

Let ruSer V = El, 2
,..., +3 and V = (C:-A ++, ia+12 for i ?

O

No,
V
, ...3 has diameter -1-11A by construction

For a fixed edge qu,USEE, there is exactly I value of ~ that separates usu
+ see above

Picture

Consider X
, YEV / XEY ↑

There are Ly-X =do(X,3) values of 5 Sit . Xy separated 61c

X Y
① ⑧ · oooo

E
.g. --
-

Since + closer uniformly amongA values

Pr(X , y separated) &)
So 9



Theorem: Given anypost Metric Space (V,d)
,
A20 I a (poly-time computable) (00 S

.
t.

Separation -95 the Yu,vEv

Probability
A

Proof of Theorem

Let +~U[0+/) 2-
Y

Compute I
A/4i

⑳

&

·

Alg ,
to
Let :[m)-V be a Uniformly random Permutation or V

↓ - ⑳

·

Lig For i = 1
,

2
, ...,4 B(u) : = Ev : d(yu) = +3

- -

Let V:: = B((, = ) ),UV T : 0 .

Poly-time trivial
triangle irequally

↓

Ev
,Vers das diameter A 61c x, y -V

.
+ d(x, y) [d(X,()+&(i+ (, y)

Fix Pair t = Ear3 for uver
[+ (x,ye B(π(i),)

Let d(u, t) : = Mir (d(m, x)
,
d(u,y) and let U, 4, ...

be V ordered by dist)

say n. cuts - iff ItRB(,r)1=

⑨

- U: cuts t only if te [d(it)
,

d(ut) + d(x, y)] 111 * 1118111

-> So Pr(U: cutst) > &. s docet
cut

Say U.
Settles t iff : is the mic: Sot.

teB( :,1)

-> U
: only settles t if U. precedes U

,
Mie, ...,

U
,

in It *
i
.
e, Cadpoids :-> So P(U: settles +(u: cuts +(1

+

separated ↑
t is separated iff I : Sit . U . settlestcuts +

so Pr(t separated) = [Pr(U: settles + cuts +)

= Pr(u : cuts +) · Pr (u: Settles + /u: cuts +)
·

↓ e.) .E
"

= 4 . /n + .

d(x, 4) (2 + =2 .(0)A



(v) IE
↓

Theorem: J Poly(,e) - time randomized Olloge) - approximation for Multicut

L Relaxation
-> a "randomized rounding" aly .

Min Exe Sot.

variable Xe YeeE so XERT

&Exe = 1 F : Y S
,

nets paths
etP

Alg .

Xe[0, 1) FeeE

Let Optio = Optimal val , to above

car solve LP i Polycom) time via ellipsoid + separation Oracle (see dw
.)

Let X be an optical LP solution
thM , (ii)

Let do be distances in G using WiP . In - V as edge lengths
(i)re

to ↓

Let C6 be a plo diameter 280 wr 9= - so Pollu separated)-

Meture F:= GetE : e separated by (3 (iii)

Runtime trivial

F is feasible
Consider a (Sisti

Have do (si
, ti)1 Pilo dic V Setipates P

Xe DI

[P .leX,P .lo
-

eep I

w(e) P. e ①
I

w(p)]P . In

But Chas diameter 8.60 so Si
,
t i never in same cluster of (

So Si
,
ti not corrected after deleting F

ENIFIOCloge) · Opt

Elf= Pre separated by

-
> Iw(e)/) (by cluim)

=Xe

= O(logn) · OPTup [O(log) - OPT


