
TodayMetric embeddings

4) Random Projections

3) Johnson-Linderstrauss Lemma

4) Application of (3) bability
11

Recall

- Ody For Ne

The Metric Framework casomit Concentration Framework

: Find a metric in your problem a) Show (*) true if all &Vs near E
ii) Find Structure in your metric

6) Concentration : One RV near E wish pr

ii) Use metric structure to solve problem
2) Unio Boud: all RVs at E wr digs pr

Fact: var(X) = EEXY - (E(x))
·

GaussiansRV

&9(x)= e

-X/
*

-XX

2 ~N(0, 1) -> "Standard Gaussia.

"

8
↑ ↑

·
E var

Of
. N(M ,

5% = M+ 52 where INN(0,1) is a "non-standard Gaussia
1

Fact : (N(O, 1)
,

N(O,1), ... ) in a uniformly random direction C"rotational symmetry")

(Fact : XwN(0 , a) ,
YwN10 ,

00
,

independent -> X+ y - N(0 , a+6)
("E! of Gaussians is Gaussian")



Metric Embeddings :dow can we approximate a complex metric / a simple one (ii) today)
An embedding of Metric Space (V,

d) into Metric Space (Vid') is a function fiv-v

(rid) embeds isometrically into (Vid') iff & embedding f Sit. d(uv)=d'(f(u), (r) Ever

& sometry not always possible,
e. g .

~

⑧

↓
I A - (U) If I d(uv),

dT
-

u ow sod(u, w) = = =
I

&
V = R

V = R
d= Euc.

distance d' = Euc
,

distance

f has distortion & if d(uv)
-

> d'(f(u), f(r) > @ - &(n, v) VarE

E. g. & =: above

Ideally :
& small + (rid') simpler/more structured thas (v,d)



Theorem : given M Points VER, 330
,
I a livear - that embeds (V, d) into (vid)

for VIR" wi distortion = Where R = 0(log M/9)

=
JL Lemma: J random linear F : R

*
-> R for R =24.↓ Sit .

11 . 11 = /
t

for any no Unit vectors In it holds that

IIF(w)llE (1-3
,
ItE] VwEIN

except we pr

Claim : JL Lemma -> theorem

Proof idea : let w :=E:
Skip

,
come back if time

Let be as in Th, = and=
f has distortion &

#
114-vll -1/f(u)-f(r/1 = & Ilu-r/) Vue

holds except up↑

((u-vll-> 11f(u -v)l) > 0. 114 -V

pr1 so thm.E

IzlElIf(IIIIII FzEV-V
I follows byProbalistic
1f())) @ VzEvr

Method
#

IIIIf(willdvw=
FEV-V

I

1-95)-B)11f(w)/) [1+ 3 Vw= EEV-V

1-31/lif(u))) [IS VW= FEV-VyI

↓
1-3[llF(w)(CH3 w= FEV-V

will also see all poly-time computable



* Distributions +Concentration

X is a chi-squared MV / & degrees of freedom if

R

X = 52%
i =

where each 2
: ~N(0, 1) independently

Notated X-NR

Claim : ECX1 = R for X-i

Have #(2) = var(2) + E(z) = 1 + o

Claim follows by LoE

Can't apply cherooff for concentration 61 notEdo , 1 (or ever bounded

Nonetheless
,
similar proof works

Car get-O(d) in exponent

instead of -0(5) YS
Smit

, ↓
come back

if time/
Claim : Pr((X-E1/ER)12 . expl-sin/e) for X-EG (et(1)

will prove uppertail ; lower tail symmetrici claim follows by unioe bound

Let t= 3/4 so telot) and 3 + St= E + +5139/8 -Se(0, 1)

etoor-decreasing
Markov

2. ind ,

↑(x -E(X) (k) = Pr(x = (+ 3) .k) Pr(e+ ze(+)]E(e
++] + πE(e+-)

e(l+ 6) . +m
=

e
(1+ 3) .th

I

Now calculate Elet) =Let
a(= -t)

+)

= Ft integral:

Plugging Elet) is get Pr(XI(HR) _ )ei"(gdx=)
I

= exp(- t - J(1 -(t)- st)= exp(- 3t- 2 +) <exp(- 3/0)But gltelt Not ↑ ↑

e11- .ex for X(0, 1) above Choice of t

Combining above gives result
So -6/1-et) -It



Random Projection

simplest case : R=

Let X = (X
,

Xe
, . . .,
Xe) where X: ~N(0, 1) Vi (a vector is a veformly randon direction)

Let F : R" -> & be f(w)= (w , X)

Me
Pick random direction X

W mapped tolow far along
XProj(w+X) is

I'll Preserved (assuming X neit)

&

Claim : F(w)~ Y wait w
I

(wil = 1 -> I wil = 1 ->wi =

so flu =

wowi) by norstandard Gaussian definition
-

~ N(0, Wi +wit ... + wa) by [Gaussines = Gaussian

= N(0 , 1) 6/c 11w()= 1

so (f(u)) Ni

corollaries
Ih

-> Random Projection Preserves voit

1) #[F(2)= 1 - neit w
Vector legtd in E

-> Vector length ever concentrates
9) Pr(/f(us-1123)12 . exp)-3/8) furit w

under random Projection

Problem : Want to 18 over m vectors so need exp(s) e stone

but they would know Flut [l-To ,H] = [1-3, +3)

solution : increase E to loge to get better concentration by repeated trials



X
Y)

Johnson-Linderstrauss Lemma
T

Let X* (x, X ... X) Where each XmN(01)
Let f: (w) : = <X, wi MLet F(w) : = (f, (w)

,
fo(w),

. .

., fr (w)

F(w) = Aw where A=) so live (x

wr) ((w, X")
, (w,

x
*)

, (w,
x
*)

,
...)

Claim : (1F(w)// Quit w

llF(wil = If () and flus &Y by previous clair

Corollaries

1) #[11F (11]= M Queit w

9) Pr (IIIF(w/10-k/ER) 12 . exp(-sin/p) -weit w

-> Kologa -> good Concentration

Let F(w) : = FF(w)
+ Scale down so voit Vector mapped to unit rector

-trivially poly-time computable (ever wo knowing points)
↳) Linear Since F linear

Proof of JL Lemma

Note EfllE(wl= #FIFius11]= ETfculi] = 1 Cal

IIF (will EC1-3,
1 + ] Only if IIF(wilE[CIDR,

CHEMS Only if IIIF(will -R123R

But Pr(IIIF()(1-RR) -2. ex(-311a)= for Re (6)

By unde bound
,
F(W)E(1-5,

12) now except u pr (c)



Application of JL

-NN-Search : initially givenGR
, Witm (i)

repeatedly given queries 91
, %... ·Mid(A

-

V 9
.,

return XEI Sit .CX)
as fast as possible

0 F
....O

O E C
⑦

①
- : =(9)

-

.....
9

S

~

S

Naive solution : 0(1 . M) time per query

JL Solution : 0( . M) per query
~

let F : ReR" be linear embedding for

for k= 0() so / distortion from 52

Let V := &F(X) : xe=3 (ii)

For query9s,

return XEX Sit F(x) =Y where y= argeindly, F(a) Civil
y + y

Easy to verify result is (approximately) correct

Takes 0( .( +1) per query

↳ Car ever reduce toCt) of a little more work!


