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Can I grow 1016 of strawberries and 516 of watermelo?
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Linear Programming LP Feasibility Problem :
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Linear Algebraic: Given AER, deRe
,

decide if ExeR Sot .
Ax16

↑
Geometric : Given AER

,
be Re and K = Ex : Ax163

,
decide if 10

X ER is feasible if it satisfies all inequalities ; LP is feasible if I feasible X



Theorem: Can solve LP feasibility in time Olm:)

Idea : Modify LP in feasibility-preserving way until obvious if feasible

↳) Eo g .
initial gardening Problem feasibility unclear

but clearly 52-5 not feasible

VX = R car be a fe. Of X
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① XceR [Carx) [6 iff (a., x) + c b +/
Only if
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:

Say X
:

is isolated in an inequality if it is of form <X
:

Or X
.
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4) Car apply 0, 0, to isolate X: while preserving feasibility

Fourier-Motzkio Elimination

For i = 1
,
2, ...

Isolate X: is all inequalities containin it

For each pair of inequalities of form &Xi
,
Xi +
- ↑

Add 115 to inequalities Possibly for

&elete all inequalities containing Xi
of Xw/o X:

Return feasibleiff final inequalities feasible

Isolate X, Replace XI Isolate Xe Replace Xe
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Correctness of FM

Suffices to show isolating
, eliminating leaves feasibility uncharged

Isolatingan X:: Only applying 0, 0 or ⑤ so feasibility preserved

Eliminating an X:

suppose = X satisfying all inequalities before eliminating X:
The e[X: and Xi[l(X) - inequalities of this fore

So e(x)[ + (x) so X satisfies all new irequalities

Suppose IX satisfying all inequalities after eliminating X:
Ther ((x)[r(X) - &,

So J (([e(), r(x)] Ve
,
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: Es Ve ; rest of X necharged

Runtime of FM
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so runtime is 0(m



L Search Problem : Given And output X Sot .
Ax16 or report no such x

Going forward let N : = M + +

Theorem: If can solve Le feasibility in (N) time

thee car solve Le Search in Poly(N) ·T(N) time

Car model the following constraints of LPS

XX (ai
, X)+ 6 :<<aix) + 6: if <9: -aX)[6-6

#x[9 +,x) 16 : if <ar ,x) 1- 6%

VX [hi ,X) = bi if (disX) [6:ad <a
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An LP is in equational form if its constraints are Ax = 6
,

X20

Claim: If can solve equational form LP search in TN) time

thee car solve 29 Search is TONI) time
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To solve search or Ax16, solve above equational search ,
let X= X

+
-X-

↑Constraits,
Gotm variables so Tleatee) =↑ (06) time



Car almost solve equational fore 29 Searchw/ GE

Fact : Given MXo Matrix A and GERY
,
let 1 = ExiAx=

Car output XEK)' or report empty is Poly(N) (Gaussia.
Elimination)

Let 0 : = &X : x = 03
-

Given Sch
, let =EZn xe, we

Lemma: If Ks100 and Ks100 # +

ther its sit . 1st 10+0
Its

Let XE15s20t and ye/s) O+

For PE[91] ,
let 2p : = P. X + (1-p) : y

S

= 1 - X = (0 .. ·-> = 0

2.) ..... ) · -> [0

a + y
o
-> 30

p = 0 - y = (0000)

-P dave A (2) = 6 ( /c A(2p) = A(p. X + (1-4) .y) = P-Ax+ (1-5) Ay - 6

But J P S.t . 2010 and Ep),
=0 for some its

So I P ,:ES sat . InE KROt So UsiNQO

↑



Lemma : If can solve (equational form) LP feasibility (in time T(N)

ther car solve equational form 29 Search (in time Poly(N) .+CONS)
To find Xt 1) := EX : Ax=6

,
X=03

Equational Search Via Equational Feasibility

SCO

Repeatot1 times: Ex: Ax= 6
,

X:
=0 fies]

Compute yels (via GE)

If yeot, return y
I JIES Sot. 1s 10+0 (via feasibility)

SESti

Else Report 11 =0

Correctness

If y returned then yels 10
+
11) so anything returned is feasible

Sowis if 10 then return something

If k0 ther initially K
,
10+0

So by induction + lemma ,
is each iteratio.

Ststi

So either return a y or iterate atl times and retur. O

Runtime

Each feasibility Postuce has Inte constraints

↳) solved o times for n/T(0(N) 1)

Each GE instance has a variables
,

Int+ Constraints

↳ solveda times for Poly(N) time

Search -> Feasibility theore they follows

Equational) <P Feasibility -> Equational LP Search -> L Search

+ (N) -> Poly(N)oT(O(N) -> Poly(N) ·TO(N))



L Optimization Problem : Given A,
6 CER output X Maxing (,X) So t .

AX16
(

or report no such X Y
get mis by negating (
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Theorem: If can solve Lt search in T(N) time then

Car solve Le Optimization in Poly(N) .T(N) time

Assuming 1) Have 49 S .% .
LEOPTIR /L-91-exp(ea (N1)( 3) Optimal value & Z

S

3Let lg : = Ex: g for g+z

Binary search ge[i]nz

L OpT R
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xeig Xe !... Eg =o 15g = 0



Getting Rid of Assumptions

OptEX ? ->
It is "rebounded"

-> If optimal value & Car Poly-time compute MER Sit . if JxE/f
u/ <X

, c) I M then OPT = -

E
.g. Max X , Sit . X

, 20

-> Ow After Poly(o, m) ES rounds
,

car round g to opt w/ # theory
in poly-time

↳ R!

-> poly-time computable

summarizing

L Feasibility L Search L Optimization

Find X Find X maxing <?X) Siti

Decide if EX
->

->
Soto AX16

Sote Ax16 Sot . Ax 16

+ (N) Poly(N) ·TCONI) Poly(N) .TCOCN)
W
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